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This notes are additional remarks to the article |BS04j . Here we want to 
prove the uniqueness assertion for a more general case, more precisely it turns 
out that we can prove the conjecture given in [BS04j for all cases where no 
factor is isomorphic to GLi as algebraic groups over F. We take all notions 
and statements of [BS04^. The property which induces the uniqueness is the 
compatibility with the Lie algebra filtrations. The next two sections include the 
case where J is not empty. I really thank Paul Broussous for the fruitful hints 
and discusions. 

1 Notation 

1. We write Jo,+ for Jo,+. 

2. The F algebra E is the direct sum of field extensions Ei\VF generated by 

3. For i G Jo we put Gi to be the unitary group corresponding to the e- 
hermitian form hly.xVi, i-e. 

Gi :— {g e Auti?(Vi) \h{gv,gw) ~ h{v,w) for all w,w G Vi}, 

and I recall 

Hi {g G AutEiiVi) \hi{gv, gw) — hi{v,w) for all v,w € Vi}. 
The skew-symmetry of /3, i.e. 

implies the skew-symmetry for Pi. Therefore we have buildings I p. of 
Gi, Hi respectively. 

4. For a positive index i, i.e. an index i G J^, we denote by Gi the group 
Autiip{Vi) which is embedded in G by 

a ^ a + a^" + ^ l'. 
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I recall that a €z Gi implies that a^"^ is an linear automorphism of 

V-i. By Hi we just denote the group of Ei linear automorphisms of Vi and 
we can embed Hi in Gi by inclusion. The enlarged building of Hi, Gi is 
denoted by X^. , Ji respectively. 

5. For every index i in Jo,+ we write g^, i)i for the Lie-algebras of Gi, Hi 
respectively. 

6. In |BS04j the authors embed the Lie algebra ^ of H in the Lie algebra g 
of G in two steps. They embed iii in g, by inclusion. For an index i € Jq 
they extend an element of g, to V by zero and for a positive index i they 
use the map 

a e Endo^^ {V^)^a-a^ e g, C Endo^,^ (F,) ® Endo^_,^ 
followed by an extension to V by zero. 

7. By intersecting a subset of g to ^ we mean the preimage corresponding to 
the embedding described in item 6. 

8. By C{*) we mean the center and by (*)° we denote the connected com- 
ponent of a group or an algebraic group. For example C(H°) denotes the 
center of the connected component of H. 

2 The compatibility with the Lie algera filtrati- 
ons 

For this section we fix a point y in X and a point x in such that y is an 
extension of x, i.e. 

i)x = %r] t). (1) 

Definition 1 A map <j) from to X is compatible with the Lie algebra filtrations 
if every value of 4> is an extension of every element in the fiber. 

Lemma 1 At most one component of /? is zero and the its index has to lie in 
Jo. 

Proof: If /3i = = (3j with i ^ j, then put 1' := 1' + V and we have that 

F X F^VE® VE = I'E ^I'F^F 

as rings, which can not be true, since F has no zero divisors. A component Pi 
is zero if and only if /3,f is zero and therefore the index of a zero component 
cannot lie in J. q.e.d. 

Lemma 2 All idempotents V lie in g^, q. 

Case 1 of the proof is quite similar to the proof of theorem [BS041 (11.2)]. 

Proof: If we know that the idempotents for the non zero components of 
[3 lie in the hereditary order of y then we know it the idcmpotent of the zero 
component of (3 too, since there is only one such index by lemma [TJ We split 
the assertion in two cases. 
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Case 1: Fix an index i for which /3,; is non-zero and let Xi be the ith component 
of X. Then (3i is invertible in Ei and since is an o^;. -lattice function, there is 
an So S M, such that for all s 6 K the equality 

holds. From the self-duality of ^j.. and by the fact that 2 is invertible in OEi, we 
have the splitting 

^Xi = ^Xi ® ^Xi : 

where 

^ti,s ■= {a e L.,sl CT,(a) = a}. 

The multiplication with /3i gives a bijection from ^^..^ to c,^.,,,, because this 
element commutes with every element oii)^. g and is skew-symmetric. Using ([T]) 
we come to the conclusion: 

Case 2: If i is a positive index from J then by the compatibility we know that 
1* — 1^* hes in g0(a;),o ^^'^ therefore the square 

(i^-i-^^ = r' + i-^ 

lies in g^(2,) q and hence the idempotents V and 1^' lie there since 2 is invertible. 
q.e.d. 

The lattice function of y splits under the sum 

^ = 0^. (2) 

i 

and by its self duality the point y is in the image of the map j : Iljg ^ X^— >X 
defined in terms of lattice functions by 

For the definition of #i see |BS04[ section 6]. Thus y is the value of a tuple 
{yi)ieJo,+ - We denote Xi the ith component of x. 

Lemma 3 For all indexes i in ,/o,+ we have the equality: 

^x, = n 

where we write g^^. for the square lattice function of yi in LeLtt^^EndpiVi) . 
Proof: For the Lie-algebra filtration we have 
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and therefore 

The square lattice function t).j. decomposes as well, i.e. 

i 

and by JT]) we have: 

n^-.,- =9y,.^^= (9y,.'^n9^)^''= (n9y.,-)^(n^^) =n(9y.,.n6,). 

i i i i i 

Thus we have for all indices i G Jo,+ and for all real numbers s the compatibility 
q.e.d. 

The last lemma leads to the factorization of a map which is compatible with 
the Lie algebra filtrations. More precisely we can formulate in the following 
proposition. 

Proposition 1 If a map (j) from the building of H to the building I of G is 
compatible with the Lie algebra filtrations then it can be uniquely factorised over 
riieJo + using j, i.e. there is a unique map 

T : I^p^ li such that (j> = j o t. 

Proof: The value (/'(i) of a point x is an extension of x and thus it is in 
the image of the injective map j. q.e.d. 

Remark 1 If is jfj then t is the map OieJo + -^/^^ where jjs- is 

• defined in |BS04| if i is Jq. 

• is the inclusion of Xjj. in Xi 

A^A 

if i is positive. 

Remark 2 The last remark and the proposition before enables us to reduce 
proofs to the case where the cardinality of Jo,+ is one, i.e. where E is an extension 
field of F or where E is a. product of two field extensions of copies of F which 
are switched by the involution a. The first case corresponds to a non empty Jq 
and the second to a non empty J+. 
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3 The notion of fixed points of I. 



As in jBL02|, II 1.1.] we want to describe the image of j/s as a set of fixed points 
of . If is a field we have an -action on the set of square lattice functions 
and thus we have a notion of i?^ -fixed points. If E is not a field there is no 
fixed point in Latt^^T^ and therefore we define a,n fixed point in another 
way. We recall some notation. 

Notation 1 Given a point a; of I we have the self dual lattice function , the 
Lie algebra filtration and the square lattice function g^. We write oe for the 
maximal compact subgroup of (E, +), i.e. 

Oe = ®OEi ■ 

Definition 2 An OE-lattice function ofV is an Oi?-lattice function of V which 
splits under such that for every index i the intersection with Vi is an oe-- 
lattice function of Vi. A point of 2 is called fixed by E^ if is an 0£;-lattice 
function of V. 

This definition implies that the square lattice function of an fixed point 
of X is a fixed point of the action by conjugation, i.e. of 

(e,r) ere-\ e e o^, TLatt^g. 
Proposition 2 1. The set of E^' fixed points of I is the image ofj/^. 

2. The image of a map from Xg to X is contained in if the map is 

compatible with the Lie algebra filtrations. 

Proof: The first assertion follows from the definition of jfj and we can turn 
to assertion two. Assume we are given a map 

: X}^X 

compatible with the Lie algebra filtrations. We know from section [2] that the 
lattice function of a value of splits under We fix x e and we have 
to prove that for every index i in Jo.+ the function I'A^^j,) is an o^j.-lattice 
function of Vi. By remark [5] in section [5] we can restrict to the case where Jo,+ 
has only one element. 

Case 1: We assume that Jq is non empty. If /3 is zero then E equals F and 
^(t>{x) is therefore an o^j-lattice function and if /3 is not zero then by theorem 

|BS041 (11.2)] (j) equals jp whose image is contained in X^ . 
Case 2: We assume that J+ consists of one element i and we know by propo- 
sition [T] in section [2] that </) factorizes uniquely through a map 

4> : l^aXtl^V, Latt^^l^,, 

i.e. (j) is the composition of j and 0. We fix a prime element i:Ei of Ei. The 
compability property of implies the compability of and thus we have 
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• TTB, e ^ 30(x),i and 

where e is the ramification index of Ei\VF and thus we conclude that A^j.^^, 
i.e. 1*A0(^), is an ob- -lattice function. Using the selfduality of A^j^j,) we get the 
0£;_i-lattice function property of l^^A^i^^y q.e.d. 



4 The uniqueness in the case where J is empty 

The goal is the proof of the following theorem. 

Theorem 1 Assume that J is empty and assume that for all i £ Jq the connec- 
ted component of the identity of Hi is not isomorphic to GLi as algebraic group 
over F. Then is uniquely characterized by the compatibility with the Lie- 
algebra fUtrations. Indeed we have the stronger result that j[3{x) = y if y is an 
extension of x. 

By remark[2]in section[2]it is enough to prove the theorem for the case where 
E is an extension field of F, i.e. to generalize theorem |BSQ41 (11.2)] to the case 
where (3 can be zero. 

Lemma 4 The theorem is true if is a field extension of F. 

Proof: For /3 7^ see jBS041 (11.2)]. Thus we can assume that /3 = 
and therefore that E equals F and H is G. We further assume that a is an 
involution of the first kind, because otherwise we can find an element /3' in F^ 
with cr(/3') — ~f3' and for this case the theorem in [BS041 (11.2.)] apphes. We 
fix a point y of I and we take an apartment containing y. This apartment is 
determined by a basis (ei)/u/o of ^ which belongs to a Witt-decomposition of V 
as described in section 2 of [BS04| . The self dual lattice function A corresponding 
to y is split by this basis and thus is described by its intersections with the lines 
Fci, i.e. 

As = pp Ci- 

■i 

Thus the square lattice function of A is 

i 

where Eij denotes the matrix with a 1 in the intersection of the ith row and 
the jth column and zeros everywhere else. See for example |BL021 1.4.5]. What 
we have to show is that is determined by the Lie-algebra filtration a,y. This is 
enough since the selfdual square lattice function of a point determines the point 
uniquely, see BS04j 3.5, 4.2]. The Gram-matrix Jh of the e-hermitian form h 
has the form 

M \ 
eM 
D J 



6 



if we order the basis in the following way 

ei, 62, . . . , Cr, e-r, C-r+l, ■ ■ ■ , Cl , 6(0,1) , 6(0,2) , ■ • ■ , e(o,„_2r)- 

Here M is the r x r-matrix having 1 in the secondary diagonal and zeros every- 
where else and D is a regular diagonal matrix. The adjoint involution of h 

on Mn{F), the ring of n x n-matrices with entries in F, has under this basis the 
form 

Ai,i Ai,2 Ai,3 \ / i2,2 eii,2 eMAl^D \ 

A2,l ^2,2 ^2,3 ^ 6^2,1 ^1,1 MA'^^D 

A3,i ^3,2 ^3,3 / \ eD-'^Al^M D-^AJ^M D-'^A^^^D J 

Here the matrices Ai,2, j42,i and ^2,2 are r x r-matrices. For a square 
matrix B = (bij) E Mr{F) the matrix B is defined to be (&r+i-j,r+i-j)j,j, i-c 
B is obtained from i? by a reflections on the secondary diagonal. By the above 
calculation we obtain that <j{Ei^j) is +Eij, —Eij or XEk^i with 7^ {k,l) 
for some X G F^ . Prom the self-duality of g and since 2 is invertible in of we 
get: 

g, n F{Eij - a{Eij)) = - a{Eij)). 

Here we used that a is of the first kind. Otherwise the formula would have been 

a little bit more complicated. Thus wc can get the exponent aj — Ui from the 
knowledge of the Lie-algebra filtration if Ei^j is not fixed by a. Now we consider 
two cases. 

Case 1: Wc assume that there is an anisotropic part in the Witt-decomposition, 
i.e. /q is not empty. I denote the index (0,n — 2r) by in- The matrix is 
fixed by a if and only if i equals i„. Thus from the knowledge of the Lie-algebra 
filtration wc know all differences ai — for all indexes i different from i„, and 
thus by subtractions we know the differences — aj for all i and j. 
Case 2: Now we assume that there is no anisotropic part in the Witt-decomposition. 
If e is —1, no Ei_j is fixed and wc can deduce the differences Ui — aj for all i and 
j and, as a consequence, we only have to consider the case where h is hermitian. 
Here the matrix Eij is fixed by a if and only if i = —j. Thus we can determine 
all differences ai — aj where i is different from —j. If n is at least 4 for an 
index i > there is another positive index k and we can obtain — a-i if we 
substract ak — a-i from ai—ak- The only case left is when n equals 2 and e is 
1. Here the group G is isomorhic to S02-, i.e. G equals 

{(" .-0'(«-' 

whose connected component of the identity is isomorphic to GLi as algebraic 
groups over F which is not allowed for G by the assumption of the theorem, 
q.e.d. 

Remark 3 If G is the group corresponding to the hermitian form 
h{xi,X2,yi,y2) = Xiy2 + X2yi, 
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i.e. the group mentioned in the last part of the proof then (3 is zero or H is the 
group of F-rational points of GLi x Gii, and therefore this case does not occur 
in the theorem. 

Now we look at the general case initialized by the remark, i.e. where there 
is no restriction on J. 

5 Rigidity of afRne maps 

Notation 2 The symbol I denotes the enlarged building of Auti?(l/) . 

Definition 3 An affine functional on T, X is an affine map from I, T to M. 

We are going to show that the affine functionals on I, X are constant, if 
they are invariant under C(G°)(F), C{GLn{F)) respectively. Firstly we give 
the general statement. 

Proposition 3 Let fl be a thick affine building and is its geometric realiza- 
tion, then every affine functional a on is constant. 

The definition of an affine building is taken from [Bro89[ Section VI.3.]. 

Proof: Say that we are given three vertices Pi, P2 and P3 of adjacent 
chambers Ci, C2 and C3, more precisely the three chambers have a common 
codimension 1 face S and the point Pi G Ci does not lie on S. The line segment 
[Pi,P2] meets [Pi,P3] and [P2,P3] in a point Q. We are working in three dif- 
ferent apartments simultaneously. Without loss of generality assume that a{Q) 
vanishes. If a(Pi) is negative then a(P2) and a(P3) are positive by the afhness 
of a. Thus a{Q) is positive since it lies on [P2,P3]. A contradiction. Thus by 
applying reflections we see that a is constant on vertices of the same type. In 
an apartment the vertices of the same type contain an affine basis and thus a 
is constant on every apartment and therefore constant on the building, q.e.d. 

Proposition 4 If G is not isomorphic to O2 as algebraic groups defined over 
F then every affine functional on X is constant. 

Proof: There is an affine bijection from X to the geometric realisation of a 
thick affine building. Now we apply proposition propRigidityForAffineBuildings. 
q.e.d. 

Proposition 5 1. A invariant affine functional a on X is constant. 

2. If G is isomorphic to O2 as algebraic groups defined over F then every 
S02{F) invariant affine functional onX is constant. 

Proof: 

1. We can consider a as a map from the non enlarged building X of Auti?(y), 
i.e. from La,ttopV the set of equivalence classes of Oi?-lattice functions of 
V, see jBL02j . Now we can apply proposition [31 

2. There is an F^ (= S02{F)) equivariant bijection from X to the enlarged 
building of GLi{F) and we can finish using part 1. 

q.e.d. 
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6 Compatible maps in the general case 

In this section we want to generahze theorem [T] to the case where are no restric- 
tions on J. Assume is a map from Xp to X and assume that </> is compatible 
with the Lie algebra filtrations so that we can apply proposition [2] and therefore 
the map 

is a map from to itself which fixes the Lie algebra filtrations, i.e. 
for all points x. If ■i/'i is the ith-component of ^ we get 

^Xi = ^tpiix) 

for all i e Jo.+. 

Remark 4 The map i}i{x) depends not only on Xi. We need one condition 
more on (p. 

Definition 4 Fix a natural number n and a real number s' . 

1. A translation by s' of the enlarged building X of Auti?(V^) is a map 
t" , s' E R, from X to itself which has the form 

t{A) A + s' 

in terms of Oi^-lattice functions A of V. Here A + s' denotes the lattice 
function 

S 1-^ As+s'- 

2. There is an afhne bijection from the building of the group 02{F) to the 
set of lattice functions of F © F of the form 

A translation of this building is a map , s' € M, which is under terms 
of lattice functions of the form 

A" ^ A"+"'. 

There is at most one index io in Jq such that Hi,, is isomorphic to O2 in 
terms of algebraic groups defined over F. 

Definition 5 A translation of is a product of maps 

such that ti is a translation if i is positive or i = and ti is the identity 
otherwise. 

Now we are able to formulate the theorem. 
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Theorem 2 If (j) is equivariant under the action of C(11'^){F) then it exists a 
translation t of Xj^ such that 

(p^ jpo t. 

For the proof we havely apply the rigidity results of section [5] 

Lemma 5 Under the condition of [2] every tpi only depends on x;, i.e. tp and 
therefore cf) is a product of maps. 

Proof: We have to look at three cases. 
Case 1: For the indexes i in Jg for which is not O2 we know by lemma 2] 
that ipi{x) equals Xi. 

Case 2: We assume that we have an index iq such that is 02- We identify 
the lattice function A" of the building of O2 with real number a. If we fix an 
index t ^ io and components xi for I =/= t then the map 

xt 1-^ ipio (x) 

is constant by proposition H] or [5] and thus ipi^ does not depend on xt ■ 

Case 3: In the case of i e J+ an analogous argument like in case 2 applies. The 

afHne map we use is the map Oi defined by 

^i,,ix} = ^x, + ai{x). 

q.e.d. 

We now identify the maps tpi with the factors of tp, i.e. we write tpiixi) 
instead of tpi{x). The same we do with the maps Oi of the proof above. The next 
lemma proves the theorem. 

Lemma 6 The components ipi are translations for the indexes i = or i G J+ . 

Proof: Now assume io accurs in Jg. The affine map of X^.^ is identified 
with an afhne map of M. The values ipioi'^ + 1) ^^'^ V'io(Q^) + 1 equal becau- 
se the map is S02{Fig) equivariant. The affiness property implies that a is a 
translation. For the case of i G J+ the maps a.; is an afhne map from the set of 
Ob- -lattice functions of 1^ to M which is invariant under the action since ip 
is equivariant and we can apply proposition [5l Thus a.; is constant and ipi 
is a translation, q.e.d. 
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